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Total Factor Productivity under a Multi-Period
and Multi-Agent Model

Arayah Preechametta*?

This paper attempts to apply a more general setting of the muiti-period and mufti-
agent type mode! with state contingent actions to the analysis of total factor productivity. When
households face different linearly homogenous production functions, an estimated average
growth rate of technical change could be different from total factor productivity growth, intro-
duced by Solow (1957). Its implication is that total factor productivity growths of some sectors
could be affected by output of a few large enterprises that have huge output shares and high
capital intensity. The implication for applied researches is that one gou/d get better estimates
of total factor productivity growths for some sectors if one is able to estimate total factor

productivity growths of large and small firms separately.

1. Introduction

The concept of total factor productivity proposed by Solow (1957)
has been, from the beginning, built on the basis of aggregate production
function and competitive markets. This paper attempts to apply a more
general setting of the multi-period and multi-agent type model with state

contingent actions into the analysis of total factor productivity.

When households face different linearly homogenous production
functions, an average growth rate of technical change could be different
from Solow’s total factor productivity because the estimated average growth

of technical change is weighted by output share. lts implication is that total
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factor productivity growths of some sectors could be highly sensitive
to output of a few large enterprises with huge output shares and high
capital intensity.

The implication for applied researches is that one may get better
estimates of total factor productivity growths for some sectors if one
chooses to estimate total factor productivity growths of large and small

firms separately.

2. The model

The formal setting of a hypothetical economy used in this paper
comes from a more general setting of a village economy studied by
Townsend (1993). In this model, an agricultural economy has multiple
dates which are denoted by t=0, 1, ..., T. There are many risk aversive
households, denoted by j, j = 1, 2,...,J. A risk neutral landlord, denoted by
J+1, owns all the existing agricultural land. In the case of rent sharing,
each household (j) must give part of his output to the landlord for the use
of land. Each household (j) has a linearly homogenous production
function,/= g/ (11/) fi (N7 L?)2 where N/ and L1 are household (j)'s
offort to work and total amount of land, while the function g/ (n)
appears to allow for household (j)'s experience in technological change as
a result of aggregate shocks 7)4. Labor effort and output can be bought
or sold in the markets where prices are given. Let 13 . (N9 )be the price for
crop output at date t as a function of aggregate shocks 7)7 , and B..(m)
be the price for labor effort as a function of aggregate shocks 1¢. Land
rent is denoted by P, (77 ) and is a function of aggregate shocks 77 .ltis
assumed that both labor and land are homogeneous factors for all house-
holds.

A state is characterized by the realizations of aggregate shocks,

2 The assumptions of linearly homogeneous production function and neutral technical change
are employed to simplify the analysis.



122| Thammasat %

nt ., N!.n? and 17, and household specific shocks £7. Let g,
denote the entire vector of all shocks. State € completely describes the

realizations of all random variables relevant to this economy. The entire

Ll (&....8). Let m (&.--.& ) denote the probability of this entire vector as
of some planning date t = 0.

3. The full information economy

This section gives analysis of the two different cases in full
information economy. The first is the case where all households have to
pay the same market land rent for the use of land. The second case is the
case of rent sharing where each household (j) pays part of his output to the

landlord for the use of land.

3.1 The case where all households pay the same
market land rent

Pareto optima for this economy ensures that each household (j)’s
consumption at each date is to co- move with aggregate output. Such a
result can be obtained by solving the following problem,

Max 2 wj[f_: g Ze)n(so,.,s, )Uf[c{(so,.,s, ).LI(&,.8 )ﬂ (1)

where (w', ?,...,a’) captures each household (j)'s relative weight in
the economy. Let ﬁt be the discount factor that discounts any future value
of date tinto the present value at date t = 0. Utility function of each house-
hold (j), j=1,2,..., J, is denoted by [F(-) which, for simplicity, satisfies

these properties:

AU (Vac! > 0,87 (Vi< o,
AU’ VIt >,

U (V/ALi*< 0, U (00) = 0

2
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Furthermore, each household can buy or sell labor service at the
market price. Each household can also rent land from the landiord at the

market rent. Consequently, the problem can be written as

IJ(;’N}L"j 1 =0 (g.g)

t 7

Max Zw[ZﬁZn(so £) UJ[ i(g,.&)Li(g,. s)ﬂ 3)

subject to the economy aggregate budget constraint,

J

q,n,z (&,..& )+ B.(1 ZN’eO,g,)

J

+P, (nt)ZL (E,.€,)

J

=E,(n?)}2 (F(N/(E, €)L&, .8,)
+ B )[2 (& (en-Li (2,5, ﬂ

J

(4)

t=01..T;j=12..J.

where 1:{ (8? ) is household (j)’s leisure time endowment, sf’
J
is idiosyncratic shock, and 21 glof i (N,’ (&..€,). L](g,..¢ ))
=
is aggregate output of the economy.

The Lagrangian function of the above problem can be written as

1w LZO B 2 T (8 £V '[ci(so,.,sr),l«%(eo,.,sr)ﬂ
QJ & |:é( (81:) ‘LJ (&€ )i|:|

J

j=

~

M&

* L ALE, a)[Pf(nr)

Jj=

—

J

_Tgo)\.r( g, 81,')[31( ng)}g C-i( g .. 8.:)+ Bz.r( 77?); M (80'-'£r)+ Br( m)ng Lrj(g()rrgrﬂ

3

=1
(5)
where )\l (&,..€,)1s ahistory, (&,..&) , contingent Lagrange multipliers at

date t.



124| Thammasat

All the relevant first-order conditions to this problem, assuming no
binding corner constraints for consumption ¢!= 0, and leisure, 0s£ /< £,

are as follows,

w'B'r (s, 8 )U;{}-[c{(so,.,e, ), LI(E,..& )]= A(&,.&) B (1),

(6)

t=01..T;j=12..J.

w'B'w(e,.€) U [c{(so,.,st ),L{(so,.,st)]= A(€,.&) B0, 7)
t=01..T;j=12..J

8[g{<rr:> Fi(N/(&y..8), LI, 8 »]/aNz‘wo ,,,,, £,) (8)

N(&.e)B.(n) B.(m o

Ad&n8) ) L) (o gy 7212, T

A(&.e) B (m)  B.(n9)

a[g 4 (n:‘)f"(M"(SoN& ) L (80,.,8,» OL!(&..€) (9)

Equation (6) and (7) state that, at each date t and state (§,....£,),
the present value of weighted expected marginal utility across households
for consumption and leisure are equated across households to a common
marginal utility of income. Equation (8) and (9) are conditions for production
efficiency. They state that the marginal product of each factor of any
household (j) must be equated to the price ratio of éach factor and
output. They hold over all households at date t and state (§,....£,) so that
production efficiency is obtained independent of household (j)'s leisure time
endowment and its weight, @ In summary, equilibrium conditions mean
that
w'Bw e, )U [c{(so,.,st ) Lig,. € )l (10)
.= 0'B'r(e,.e)Ul [ct’(so,.,st),L{(so,.,et)},

forallj;j=12..J.t=012..T.
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a[g{(n?)f"(M’(so,.,s,),L{(so,.,st )l/aN,"(so g)

(11)
- [g{(m) F(N(§..£). L] (&% ))]/aN,’ (&..€,).
foralljj=12..J.t=012..T.
[ f’(N’ (&..€,). L ]/aL (&..€,)
(12)

- = olg )P (NE.8) L2 (8,8 )L (80,
forall jij=12..J.t=012..T.

3.2 Total factor productivity in the full information
economy

It can be shown that total factor productivity introduced by Solow
(1957) can be different from average growth rate of technical change that
one could get from a multi-period, multi-agent and state contingent model.
If each household (j) has different linearly homogeneous production
function as defined earlier in section 2, the economy has the following
aggregate output.

j=1

AN\ ¥y

X i fi{NT T
2 Q- Zglf(N.L)) (13)
where Q Q (&.£).g7=g! (nf, N= N/ (&,,.€), and L/=L/(&.8,).

Differentiating equation (13) totally with respect to time and one

obtains
J 0 I

> Q- Zg’f’(N’ JF th 7 N

j=1

of
Zg[ 3L L’ (14)

j=

where dots indicate time derivative. By recalling those results from

equation (8) and (9), one has

aQi _ gj af)_ _ Bn(’r’?)
oN/  °" aN! P9

' (15)
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80, 3f Bum) 9

g B0
R Z R L 7R -

for all j =1, 2, 3,..., J. In the equilibrium, equation (14) can then be

rearranged as,

Lo Lo TR G e | B | &2
I= Y gl (NLLI)+| 3% N+ 2L a7
X Q/- 3¢l (N.LY) {Igt(nﬁ)l-l {B.t(n?)ll

Equation (17) can be rearranged into

J e J e
J e J o . ) J 9 EMJ J . thj
3 Q= S gl (NLL P ()| S QT )| T Q|5
j=1 i Lj:l _ZthJ =1 ;L,j
] (18)
3 N (6.8
g 1 (&),...E,
where Wy, = Wy, (80 ..... 8[)= Bz.t(nt) j=Jl (19)
E.(ne) SQ (&)
i1
A 2L (&-E)
and w,, =w,, (§,..8)= M e — (20)
B || 0/ (g,..8)
i1
J
Then, multiply equation (18) by ( Q7 )", one has the following
j=1

growth rate of aggregate output

J o J . e

j;} Q Q{ '{ §th j;] L} (21)
J =2 J .j +( Nr) JJ +th) J

2o Tzl SN || 2L

j=1 Jj= j=1 j=1

The average growth rate of technical change weighted by each

household’s output share can be defined as
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J e °
oo ife] 2L SN 2L
21 Q i (wm d=t | (wu) j=1 (22)
J= .

J j J B
S0 & i 2
2Q 20 P

Equation (22) states that an average growth rate of technical
change weighted by output share is equal to total output growth less
output growth that was generated from the accumulation of labor and
land inputs. This average growth rate of technical change, as displayed by

the term on the left-hand side of equation (22), appears to include both the
J

terms of (7 and 55 Q’ . This is different from the concept of total factor
j=1

productivity introduced by Solow (1957). Total factor productivity is referred
to a source of output growth that arises from technical change and it is
clearly separated from a source of output growth that arises from the
accumulation of inputs. Solow was able to segregate variations in output
growth due to technical change from those due to change in inputs by
assuming for a linearly homogeneous aggregate production function.

Solow’s total factor productivity is then defined as
£
8.
where Q) = Q, (&)= & (rr:)f (M(SO ..... g) LJg,... St)) is linearly

homogeneous aggregate production function,

5, L .
WwL_[ (23)

z°|1°-
5

N.(&,...&,) is aggregate labor input, L, (§,...£, )is aggregate land

input,

B.(M) || N_(8-£) | and
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It can be shown that the result of adding up all J different linearly

homogeneous production functions, denoted by é Q: , is not alinearly
homogeneous aggregate production function.® Irj1=allddition, let's assume
for the following conditions,*

(a) The cumulated effect of shifts over time of a linearly homoge-
neous aggregate production function compatred to those shift parameters
from all households’ linearly homogeneous production functions is such

that
min { £1(N%)....g1 (NN} < g% =< max { g(1)... &/ (M}

(b) The labor share of the linearly homogeneous aggregate
production function compared to those labor shares from all households’-

linearly homogeneous production functions is such that
min {al ..... (ZJ}S ys=s max{a1 ..... (ZJ},

where )<; <1 , for all j =1, 2,..., J., is household (j)'s labor share.
Then one can conclude that, in the equilibrium, total output of a linearly
homogeneous aggregate production function may be larger than, smaller
than, or the same as total output of adding up all J different linearly
homogeneous production functions. As a result, labor and land shares in
equation (22) may be larger than, smaller than, or the same as those labor
and land shares in equation (23), other things being equal.

If all households have identical linearly homogeneous production

function, then equation (22) becomes the following equation.

L (24)

% See the proof in appendix.
“These conditions are required to assure that the linearly homogeneous aggregate production
function in equation (23) is also covered a special case of equation (22) where all households

have identical iinearly homogeneous production function.
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Wy = Wy, (... &), and Wy, = W1, (&€ ). Note that equation (24) is also
consistent with equation (23) given that both conditions above are
satisfied.5 The growth rate of technical change, as displayed by the term on
the left-hand side of equation (24), is related neither to the accumulation of
labor nor to the accumulation of land. This is true because total output from
adding up all J identical linearly homogeneous production functions, or,
J. Qt, is also a linearly homogeneous aggregate production function. In
this case, each household will always have the same value of total factor

productivity.

Therefore, one can only get the same total factor productivity as
proposed by Solow (1957) from these two cases: (a) there is a linearly
homogeneous aggregate production function; or (b) each household has

an identical linearly homogeneous production function.

It is interesting to ask whether these findings provide new addi-
tional explanations to the results found by some empirical studies on total
factor productivity in Thailand. Akrasanee and Wiboonchutikula (1994)
found that the rate of total factor productivity growth of Thai manufacturing
was low compared to many developed countries during 1963-1986. In
addition, despite the increase in real inputs declined over time relative to
total factor productivity growth, the increase of total factor productivity
contribution was small. They also found that total factor productivity
growths of Thai manufacturing had quite large variations from time to
time, for example, total factor productivity growths for the periods of
1963-72, 1972-74, 1974-79, 1979-82 and 1982-86 were 0.31, -0.78, 2.40,
-1.42 and 2.25, respectively. Tinakorn and Sussangkarn (1994) found that

5 This point can be easily proved by setting (1)) =g(");) and ¥ = O ; where O is the
labor share of any household (j). Note that both conditions also fulfill condition (a) and (b) men-
tioned earlier. Then one can have Q. = J. Q. , given that both (22) and (23) have the same

numbers of aggregate labor and land inputs.
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during 1981-1990, the contribution of total factor productivity to the total
growth of output in the non-agricultural sectors was small. They found that
the contribution to output of capital in these sectors was as high as 40-65
percent. In addition, total factor productivity in agriculture accounted for 25
percent of the total growth in output during the same period. They also
found that the variations of total factor productivity growths of agricultural
sector were_less than those variations of non-agricultural sectors. For
example, for the periods of 1978-1981, 1982-1986 and 1987-1990, total
factor productivity growths of agricultural sector, adjusted for input quality,
were 0.48, 1.40 and 1.97, respectively. Adjusted total factor productivity
growths of industry were -2.93, -1.99 and 3.42, respectively, while adjusted
total factor productivity growths of manufacturing were -2.81, 0.14 and 1.48,
respectively. Note that during these periods, all three sectors’ output growths
were on the rise as indicated by Figure 1, 2 and 3. By comparing the indices
of output and inputs in agricultural sector as shown by Figure 1, it was
clearly seen that agricultural output growths were higher than all input
growths for many years, hence resulted in positive values of total factor
productivity growths. In addition, both Figure 2 and 3 shown that capital
and labor growths were higher than output growths in the early years, hence
resulted in negative values of total factor productivity growths of industry
and manufacturing. Output growths of these sectors were, later, higher than
labor growths and also moved closer to capital growths. Hence, it resulted
in positive values of total factor productivity growths in these sectors in later
periods. All these interpretations are fitting well with the fact that factor
income shares of each sector during these periods were not fluctuated very

much as shown by Figure 4, 5 and 6.

In general, aggregate outputs or gross domestic products are
measured by using data from some base year surveys to account for

outputs from different production units in the economy.® Hence, total factor

®See more details in Department of International Economic and Social Affairs, Statistical Of-
fice (1986).
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productivity growths from both studies mentioned above are better
described by the term on the left-hand side of equation (22) than by the
term on the left-hand side of equation (23). When households face different
linearly homogenous production functions, an average growth rate of
technical change could be different from Solow’s total factor productivity
because the estimated average growth of technical change is weighted by
output share. Its implication is that total factor productivity growths of some
sectors could be highly sensitive to output of a few large enterprises with
huge output shares and high capital intensity. It may also help to explain
the negative values of total factor productivity growths in the early period
before they turned positive as shown in Tinakorn and Sussangkarn (1994),
since output growths of new large enterprises tend to follow capital growths
due to time lags. It can be concluded that, under such circumstance, one
can get better estimates of total factor productivity growths of industry and
manufacturing if one chooses to estimate total factor productivity growths

of large and small firms separately.
3.3 The case of rent sharing’

In the full information economy,® the risk-neutral landlord is able to
fully observe each household (j)'s real labor effort at any date. Optimal

decisions can be obtained by solving,

YelnL j=1

e e e

Max 2 w {Zoﬁ Z).TL’ g.. 8,)U’[ (g, L1g..& )ﬂJ,

2p 2 me. ){EJ Q) (8.8~ (e .5 ﬂ (29)

subject to (a) budget constraint,

7The statistics from the Office of Agricultural Economics in 1998 shown that all types of rental
farms in Thailand were 14,781,910 rais or 11.33 percent of total farming land. The number of

rent-sharing agreement varies considerably from crop to crop.
¢ Rent-sharing agreement under imperfect information should be a better model to represent

problems in the real world. The topic will be explored as another separate paper in the future.
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1’3,(17‘3)121 /(& 8)+ BT Z N/(8,,..8)+ B (5,..8)

7 J j
=Et(n[):zl gtj(n?)fJth(go ..... 8,) Lz(So ..... g, ))'*’Bt(n;z)l::z (Lz<8:{)—‘t[(£0 ..... g )):i

t=01..T;7=12..J
(26)
where
P! (&,..€)=P,( ‘Z).[Q{(so ..... £ )-cl(g stﬂ (27)
t=01..T;7=12..J
and (b) land constraint,
2 Lig,..e)-L, (28)

where [, is total land input.

Equation (26) simply says that household (j)'s total expenditure,
which included consumption expense, wage payment and part of his output
values paid to landlord for land rent, must be equal to his total income. Note

that equation (26) can be rearranged into,

B.(MZ N (&,... s,>=13t<n?)[§ (€ (er)-L s, 8,))} (29)

t=01..T:j=12..J

where consumption of the landlord at any time t and state (&,,..€,) is

denoted by,

J ) | S
e N&8) 2 gl () f (NU&,..8) L& £)-F cl(&,.8)  (30)
I=
The first-order conditions of this problem are,

(mﬁ‘n(so,.,s, U {c{(go,.,gt VLi(g, € )J - (umﬁ'n: (€,.€.), (31)

t=01..T;j=12...J
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w'B'r (e, )V [c{‘(eo,.,s[ ) Li(,.& )] =\ (&.8) B, (32)
t=01,..T;j=12..J

. . . ; i )\'z 01 &t Bl[ ?
g (Ve 2 L8, )OI (606, - w(f, Bfn )(8' (Z; . (39)

t=01..T;j=12..J.

ol g i(Ni(g,..€,). Li(&,..€ )/ OL (&..£,) = M) o,
[gimp(Nie,.2) Lie 6 ) oL e = e

t=01..T;j=12..J

where A[(sw,,.,g,) and U, (g,..£) are history contingent Lagrange multi-

pliers at date t of constraint (29) and (28), respectively.

Equation (33) states that, in equilibrium, all households have the
same marginal product of labor. Similarly, equation (34) states that all house-
holds have the same marginal product of land. By using all the above con-
ditions, one can find the optimal amount of consumption, labor effort and

land input of each household (j) at any date t and state (&,..£,).°

In the case of rent sharing agreement and all households have
different linearly homogeneous production functions, total factor productiv-

ity growth as analogous to equation (22) is

7., § O J2;
e a7 24 SN, 3L,
o B | -0 R | F R | ST (35)
el AT - J o | ~j
J g: EQ 2 ¢ ZL:
j=1 a1t j=1 j=1

where UcM > ( is marginal utility for consumption of the landlord.

B
J+1

w"'B'ae,.e)U

This implies that, in the equilibrium, all households still have the same marginal product of
labor. By the same argument, similar result can be applied to marginal product of land shown
in equation (34).
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where
Wy, = Wy, (£ &) = (36)

A(&..e) B ()| S

o’ B £,..€, Y o
B'r(e,.£) ,21 Q. (&...€.)
and
ZT)L,{ =W, (80 ..... St) - (37)
L~
U (&...E) ,:21 L. (&...£)
o' B'r(,.5) 2’ 0’ (6.6

In the case of rent sharing, total factor productivity growth as
shown by equation (35) is again different from Solow’s total factor
productivity growth. Hence, similar implications that found in section 3.2
are also applied to this case. Note that in this case, marginal products of
labor and land are dependent to the landlord’s attitude to risk as indicated

by equation (33) and (34).

4. Conclusion

It was shown that under the full information with multi-period and
multi-agent setting, average growth of technical change could be different
from Solow’s total factor productivity if houssholds have different linearly
homogenous production functions. Nevertheless, it is likely that the
difference becomes smaller when the majority of households have the
same form of production function. Similar results can also be obtained from
the case of rent-sharing model. In the equilibrium, all households have
the same marginal product of labor and land. However, both marginal
products are dependent to the landlord’s attitude to risk as indicated by

equation (33) and (34).
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In general, aggregate outputs or gross domestic products are
measured by using data from some base year surveys to account for
outputs from different production units in the economy. Hence, total factor
productivity growths are better described by the term on the left-hand
side of equation (22) than the term on the left-hand side of equation
(23). When households face different linearly homogenous production
functions, an average growth rate of technical change could be different
from Solow’s total factor productivity because the estimated average
growth of technical change is weighted by output share. Its implication is
that total factor productivity growths of some sectors could be affected by
output of a few large enterprises with huge output shares and high capital

intensity.

The implication for applied research is that one could get better
estimates of total factor productivity growths for some sectors if one chooses
to estimate total factor productivity growths of large and small firms

separately.
Appendix

For simplicity, let's use the example of a two-household case for
illustration. The first and second households have the following production

functions, respectively.

Q. - g (m2). (V). (L2)* (@)
and  Qt- g(m2)- (V). (22)"". @2)
where g' (n?)> 0. g*()> 0.g! (n:) g (1:).0 <. p <1 a=p.

The marginal product of labor of household 1 is

3—1%% = a. g (). (V) (L) (a3)
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By recalling the result from equation (8), one can, in equilibrium,
equate the marginal product of labor of the first household to the price ratio

of labor and output. Hence,

2w e B,

By rearranging equation (a.4), one has

B () =] s (a.5)
a. gl (77’?)- Ex(’?:")

N -

By substituting N/ from equation (a.5) into equation (a.1), one can
have

/% (a.6)

By the same analogy, the production function of the second house-

hold can be written as

+5]| BB, (n:) [ ,
¢ =(gf(n?))[ }——I;P(g"))[ Lt @7

B R M [0 11D

1 g2 1 g L%
Leler () e

(a.8)
It can be seen that the outcome of equation (a.8) is not a linearly

homogeneous production function. Hence, the result of adding up two

different linearly homogeneous production functions is not a linearly
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homogeneous aggregate production function.

Now, suppose that there is a linearly homogenous aggregate pro-
duction for this economy. By giving the same amount of total labor and land
inputs as the previous case, a relevant linearly homogeneous aggregate

production function can be written as follow.
1 m {714 7D
Q. - g, (m)-(NeNE)™ (L3 ) (@9)

where gt(Tl;‘)> 0 and 0<y<l1.

Since, in equilibrium, the marginal product of labor from this
aggregate production function must also be equated to the same price

ratio of labor and output, one can surely obtain

Q- (s (’7?))[%]—@(—@ b (L) (a.10)

B.(n?)

Equation (a.10) can be rewrittan as

P 7] G M FE ) o

B.(n)

(L)
(a.11)

Giving that both cases have the same total amount of each type
of input and the same price ratio of labor and output, total output from
a linearly homogeneous aggregate production function can either be
greater or less than total output from adding up two different linearly

homogeneous production functions.

The following example will illustrate this point clearly. Suppose that
(a) The cumulated effect of shifts over time of the linearly homoge-
neous aggregate production function as compared to those shift
parameters of both households’linearly homogeneous production functions

is such that,



138| Thammasat

min { g1(N?), g2(NH} = g (MH=max{ gi(n?). g2(nd}:

(b) The labor share of the linearly homogeneous aggregate pro-
duction function as compared to those labor shares of both households’

linearly homogeneous production functions is such that,

min {a,ﬂ}s y= max{a,ﬁ}.

Then let’s subtract equation (a.8) out of equation (a.11). One can
conclude that, in the equilibrium and if other things being equal, total output
of a linearly homogeneous aggregate production function may be larger
than, smaller than or the same as total output of adding up two different
linearly homogeneous production functions. This result is clearly shown
by the following equation that both terms on its right-hand side may have

positive, negative, or zero value.

1 el anF],
fen ™ B ) [l
s L g o
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Figure 1. Indices of Output and Input in Agriculture
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Figure 4. Factor Income Shares in Agriculture
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Figure 5. Factor Income Shares in Industry
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Figure 4-6.
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